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Abstract 

We study a reduction of deformation parameters in non(anti)commutative M = 2 
harmonic superspace to those in non(anti)commutative M = 1 superspace. By this 
reduction we obtain the exact gauge and supersymmetry transformations in the 
Wess-Zumino gauge of non(anti)commutative Af = 2 supersymmetric (7(1) gauge 
theory defined in the deformed harmonic superspace. We also find that the ac¬ 
tion with the first order correction in the deformation parameter reduces to the 
one in the Af = 1 superspace by some field redefinition. We construct deformed 
Af = (1,1/2) supersymmetry in AA = 2 supersymmetric (7(1) gauge theory in 
non(anti)commutative Af = 1 superspace. 


1 Introduction 


Supersymmetric field theories in deformed superspacejH |2] have been recently attracted 
much attentions in view of studying superstring effective held theories on the D-branes 
with graviphoton background jHlIHIS]- Non(anti)commutative superspace is a deformed 
superspace with nonanticommutative Grassmann coordinates and the ^-product. Field 
theories in non(anti)commutative superspace is constructed in terms of superhelds and 
have been extensively studied 01710-111. 

M = 1 super Yang-Mills theory in the non(anti)commutative M = 1 superspace has 
been formulated in [Hj, where the deformation preserves the chiral structure of the the¬ 
ory. As in the commutative case, one can take the Wess-Zumino(WZ) gauge for vector 
superhelds to write down the deformed action in terms of component helds. Since su¬ 
persymmetry transformation cannot keep the WZ gauge, one may perform additional 
gauge transformation to recover the WZ gauge. In the nonanticommutative case, this 
gauge transformation induces the terms which depends on the deformation parameter 
C. Therefore, even if we redehne the component helds such that these helds transform 
canonically under the gauge transformation, the supersymmetry transformations receive 
the deformation due to non(anti)commutativity. 

In a previous paper [2j , we wrote down the deformed action of A/” = 1 supersymmetric 
U{N) gauge theory with matter helds in both fundamental and adjoint representations. 
We also examined invariance of the action under the A/” = 1/2 supersymmetry trans¬ 
formation. In particular, in the case of adjoint matter helds, we claimed that we could 
not hnd the (deformed) extended supersymmetry transformation and concluded that only 
the A/” = 1/2 supersymmetry is preserved. It was pointed out in ^21; however, that this 
conclusion had discrepancy with the general argument concerning the symmetry of the 
deformed Af = 2 superspace whose Poisson structure constructed by the chiral super¬ 
charges preserves at least the Af = (1, 0) supersymmetry of the theory generated by 
Q\. Moreover, it is natural to expect that the action dehned in the deformed har¬ 
monic superspace leads to the one in the deformed Af = 1 superspace by the reduction of 
deformation parameters of the harmonic superspace to the deformed Af = 1 superspace. 
In this case, it was also argued in ^2] that the deformation preserves the Af = (1,1/2) 
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supersymmetry generated by Q^, and Q 2 - The existence of J\f = (1,1/2) supersym¬ 
metry is partly supported by our recent workjTSI, in which the deformed Af = (1,0) 
supersymmetry has been constructed in the Af = 2 supersymmetric U{1) gauge theory 
in non (anti) commutative harmonic superspace with generic (non-singlet) deformations. 
Thus we expect Af = (1,1/2) supersymmetry in the Af = 2 supersymmetric U{N) gauge 
theory in the non(anti)commutative Af = 1 superspace. 

In this paper, we will construct deformed Af = (1,1/2) supersymmetry in A/” = 2 
supersymmetric U{1) gauge theory in non (anti) commutative Af = 1 superspace. We 
compare this theory to the one in non(anti) commutative Af = 2 harmonic superspace 
obtained by the reduction to the deformed Af = 1 superspace. By this reduction we 
hnd the exact gauge and supersymmetry transformations preserving the WZ gauge. We 
also hnd that these transformations and the 0{C) action in the WZ gauge dehned in 
the deformed harmonic superspace reduces to the one in the Af = I superspace by held 
redehnition. 

This paper is organised as follows: In sect. 2, we review Af = 2 supersymmetric U{1) 
gauge theory in non(anti)commutative Af = 1 superspace and non(anti)commutative 
Af = 2 harmonic superspace with generic non-singlet deformation parameters C. For 
the latter superspace we construct Af = 2 supersymmetric U{1) gauge theory in this 
superspace at 0(C). We then study the reduction of the deformation parameters in 
non(anti)commutative harmonic superspace to the deformed Af = 1 superspace. We hnd 
that the 0(C) action reduces to the one dehned in the deformed Af = 1 superspace 
and argue invariance under Af = (1,0) supersymmetry. In sect. 3, we investigate the 
reduced theory in more detail. We construct explicitly the exact gauge and Af = (1,1/2) 
supersymmetry transformations of the component helds in the WZ gauge, where detailed 
calculations are explained in two appendices. After the held redehnition, we hnd deformed 
Af = (1,1/2) supersymmetry transformation which keeps the action in the deformed 
Af = I superspace invariant. Sect. 5 is devoted to discussion and conclusion. In appendix 
El we describe some useful reduction formulas of harmonic variables. The details of 
calculation of the exact Af = (1, 1/2) supersymmetry transformation laws are presented 
in appendix IHl 
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2 J\f = 2 supersymmetric U{1) gauge theory 
in non (anti) commutative superspaces 

In this section we review M = 2 supersymmetric U{1) gauge theory in the deformed M = 1 
superspace Ollj and non(anti)commutative Af = 2 harmonic superspace [121 ESI El • 

2.1 The deformed Af =1 superspace 

Let 0", 0") be the supercoordinates of A/” = 1 superspace [T7]. Here /x = 0,1, 2, 3 are 
spacetime indices, a, d = 1,2 the spinor indices. We study spacetime with the Euclidean 
signature so that chiral and antichiral fermions transform independently. We may call this 
M = 1 superspace as J\f = (1/2,1/2) superspace as in |T2]. The non(anti)commutative 
M = 1 superspace is introduced by imposing nonanticommutativity for Grassmann coor¬ 
dinates 

{r, 0^}, = (1) 

whereas the chiral coordinates + iOa^d commute with other coordinates and 

0" (anti)commute. The ^-product f * g is dehned hj f * g = f exp{P)g, where P = 
— defines the Poisson structure on the superspace. Since this Q-deformation 

preserves chirality, i.e. the Poisson structure P commutes with the supercovariant deriva¬ 
tives Da = + i{(T^0)ad^ and we can dehne (anti)chiral 

superfields $ ($) satisfying Da^ = 0 {Da^ = 0). We can also introduce the vector 
superheld Viy, 9, 9) for representing gauge helds. If we take the WZ gauge for the vector 
superheld, we are able to write down the Lagrangian in terms of component helds by re¬ 
placing the product to the ^-product. The component helds do not transform canonically 
under the gauge transformation due to the deformation parameter C. But in [HlIZ], the 
held redehnition was found such that the component helds transform canonically under 
the gauge transformation. 

For Af = 2 U{1) gauge theory, matter helds <h, $ in the adjoint representation (under 
the ^-product) and the vector superheld V in the WZ gauge are given by 

<!>{y,9) = A{y) + V292Piy)+m{y), 

m9) = A{y) + V2my)+99[F + 2tC^^dAAvA)iy): 
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v{y,e,e) = -ea^ev^{y) + ieer\{y)-ieee^(^K + ]^e^yCf^'^{a^\),v 

+\eem{D-id^v,){y), ( 2 ) 

where y^ = — i9a^9 is the anti-chiral coordinates. The deformed action is dehned by 

S = j d^x(f9d^m * * $ * e-^ + (^J d^9W^ *Wa + J d^9W^ * 1T“) . (3) 

Here g denotes the gauge coupling constant. The chiral and anti-chiral held strength are 

Wa = -jDDe-^Dae^, = ^DDe^D^e-^ ( 4 ) 

where the multiplication of superhelds is dehned by using the ^-product. After rescaling 
V to 2gV and to this deformed action is expressed as 

S = J d^xiC^^'’+ (5) 

where 

+ + + (6) 

+ zC>^'^v^,AF, ( 7 ) 

and = d^Vy — d^v^. This action is invariant under the gauge transformation = 
—dfj,X. Undeformed theory has J\f = 2 extended supersymmetry, where only M = 1 
symmetry generated by and is manifest in A/” = 1 superspace formalism. In 
deformed theory, the generator Qa does not commute with the Poisson structure P and 
is not a symmetry of the theory. On the other hand, Qa generates a symmetry of the 
theory. Since Q transformation does not preserve the WZ gauge, we need to do gauge 
transformation to retain the WZ gauge. The deformed supersymmetry transformation is 

= y/2i%l), (5|A = 0, 

dliJa = V2^aF, 5li)a = -tV2{^aA aO^A, 

S^F = 0, = zV2{^a^d^i;) - 2C<^^iaCT^^^d^{\^A), 

= i^a^A, 

5|A„ = [v,u + ^C'^.(AA)| + liaD, SfXa = 0, 

Sp = -i^a^dp. ( 8 ) 
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Remaining A/” = 1 supersymmetry, however, is not manifest in this formalism. In order 
to obtain this supersymmetry transformation more systematically, it is convenient to 
introduce non(anti)commutative extended superspace. In the next section, we will discuss 
M = 2 supersymmetric U{1) gauge theory in non(anti)commutative harmonic superspace. 

2.2 Non (anti) commutative J\f = 2 harmonic superspace 


Next we review non(anti)commutative deformation of A/” = 2 harmonic superspace and 
Af = 2 supersymmetric U{1) gauge theory in this superspace [13 El. Let (a:^, 0^, i9^) be 
the coordinates of A/” = 2 (rigid) superspace. The index z = 1, 2 labels the doublet of 
the SU{2)ji R-symmetry. The supersymmetry generators Qm and the supercovariant 
derivatives D^i are defined by 


QL = 


Dl = 


d ■ d 

Qm = 


d 


+ z(cr^)„o6' 


d 


dx>^ ’ 


Dai 


de 

d 


d d 


de 


r- - tef(a>^' 


d 


dxf^ 


(9) 


The M = 2 harmonic superspace |TH] is introduced by adding the harmonic variables 
uf to the M = 2 superspace coordinates. The variables uf form an SU{2) matrix and 
satisfy the conditions = 1 and = u~. The completeness condition for uf reads 

ufuj — ufu~ = eij. Using uf, the SU{2)]i indices can be projected into two parts with 
±1 f/(l)(c SU{2)r) charges. For example, we dehne the supercovariant derivatives Df 
and Df by Df = ufD^^, Df = ufD^^. D^^ is solved by Df such as Df = uf D~ - u~Df 
with the help of the completeness condition. In the harmonic superspace formalism, an 
important ingredient is an analytic superheld rather than the M = 2 chiral superheld. An 
analytic superheld ^{x,9,9,u) is dehned by Df^ = Df^ = 0. It is convenient to write 
this analytic superheld in terms of analytic basis: xf = x^ — i{9^a^9^ + 9^a^D)ufuJ, 9f = 
uf9\ and 9f = ufD^. In this basis, an analytic superheld <F is functions of {x^, 0+, (9+, u): 
$ = ^{x^,9+,9+,u). 

We now introduce the nonanticommutativity in the Af = 2 harmonic superspace by 
using the ^-product: 


/ * 9(9) = m exp(P)g(9), P = (10) 
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where is some constants. With this *-prodnct, we have following (anti)commntation 
relations: 


{9“, Bf}. = C.f, [xl xl], = [xl Of ]. = K, 0“]. = 0, {0“, 0«}. = {9",«?}. = 0, 


( 11 ) 

where + iOia^O"^ are J\f = 2 chiral coordinates. The deformation parameter is 

symmetric nnder the exchange of pairs of indices = C^“. We decompose 

the nonanticommntative parameter Cff into the symmetric and antisymmetric parts with 
respect to the SU{2) indices, snch as 


= Cfe) + (12) 

Here we denote by the symmetrized snm of - over indices H, • • • ,in- 

with zero corresponds to the singlet deformation [1^1151 ITT)] . Since P commntes with 
the snpercovariant derivatives D, the chiral strnctnre is preserved by this deformation. 
Since we will consider the non-singlet deformation in the following, we pnt Cg = 0. 

We now constrnct the action of A/” = 2 snpersymmetric U{1) gange theory in this 
non(anti)commntative snperspace. We introdnce an analytic snperheld n) with 

C = covariantizing the harmonic derivative = u~^'‘-g^—2i9~^-^!r+ 

+ W++. Generalizing the constrnction in OEHl, the 

action is given by 


S, 



d'^xd^Odui... dUn 


{-iYV++{l)*---*V++{n) 
n {utut)---{u+ut) 


(13) 


where Ui), Q = (xa, Of, Of) and d^O = d‘^0^d‘^0~ with d‘^0^ = d'^O^d‘^0^. 

The harmonic integral is dehned by the rnles: (i) / duf{u) = 0 for f{u) with non-zero 
U{1) charge, (ii) / dul = 1. (iii) / duu'^-^ ■ ■ -ufuj^ ■ ■ = 0, (n > 1). The action (IT!T|) 

is invariant nnder the gange transformation 


5* i/++ = -T)++A + i[A, H++]*, (14) 

with an analytic snperheld A. The generic snperheld H^’''(((’,m) inclndes inhnitely many 
anxiliary helds. Most of these helds are ganged away except the lowest component helds 
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in the harmonic expansion. One can take the WZ gauge 

Vwzi^A, 0^, 9^, u) = -i\/2{e"^f(l){xA) + iV2{9"^f(l){xA) - 216"^a^9 ^A^{xa) 

+A{9"^Y6"^'iI)\xa)u~ - A{6"^Y9^'4)\xa)u'^ 
+:i{d+)\9+fD^^{xA)u-u], (15) 

which is convenient to study the theory in the component formalism. 

The component action S'* in the WZ gauge can be expanded in a power series of the 
deformation parameter C. In we have computed the 0(C) action explicitly. The 
quadratic part S '*^2 in “S'* is the same as the commutative one: 

^*,2 = / + c/>d^^ - • (16) 

The cubic part S '*,3 in S'* is of order 0(0) and given by 



Note that here we have already dropped the Og dependent terms. We will refer S '*,2 + S '*,3 
as the 0 ( 0 ) action. 

In the commutative case, the gauge parameter A = x(^a) preserves the WZ gauge and 
gives rise to the gauge transformation for component helds. In the non(anti)commutative 
case, however, the gauge transformation m with the same gauge parameter does not 
preserve the WZ gauge because of the C-dependent terms arising from the commutator. 
In order to preserve the WZ gauge, one must include the (T-dependent terms. The gauge 
parameter is shown to take the form 

Ac(C,«) = x(xA) + 9+a>^9+Xl-^\xA,u;C) + (9+)^X^-^\xA,u-C) 

+ (9+)^9+-Xi-^\xA,u;C) + (9+)\9 +)^X^-^\xa,u;C), (18) 

which has been determined by solving the WZ gauge preserving conditions expanded in 
harmonic modes m. The gauge transformation is also fully determined, which reads 

= -d,x + 0(C^), 
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(19) 


= 0(C\ 

= |(£C'(„)<t'‘^')„8„X + 0(C'=), 
si^D,, = 2^q;:^d^xdA + 0{c^), 

(5^^ (others) = 0. 

The 0{C) action is invariant under the 0{C) gauge transformation (|Tn|l . 

These gauge transformations are not canonical. But if we redefine the component 
helds such as 


= a^ + o{cA, 

0 = (j) + o{cA, 0 = 0, 

= i’ai+‘^{£C(ij)a^i)AaAi, + 0{CA, 0 “=' 0 “, 

A, = D,, + 2V2Ci^Aj)^^d,^ + 0{CA, (20) 


the newly dehned helds are shown to transform canonically: = — Ax, <5^,^ (ofhers) = 

0. In terms of redehned helds, the 0(C) action can be written as 


^*,2 + S 


*,3 



- + O) + ^8^ - 


- 2V2,,c;fyya'‘vpsS,.|- 

- + 0(C^) , 


( 21 ) 


where = d^A^ - d^A^. 

The 0(0) deformed M = 2 supersymmetry transformation of the component helds in 
the WZ gauge is determined in a similar wav|1 3j. After the held redehnition (j20j) . the 
transformation is given by 


5c0 

<5^ 


-V2teA - ^z(e£O(,fc)0^)0+0(0^), 

0 , 

+ 2A/2i(^%O(jfc)O-^A)0 + O(O^), 

- ^(eV^.)“0(A)(AA) + 2v^Oh^(A)£O(,,))“0 

- |2v^(eeC„»,ff'“')“ + H|l(eff»“'eCos,)“ + V^Cg'^r^j A + 0(C"), 
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- QV2te^^^d,{ieeC^ki)CT‘'^^^)h + + 0(0^). (22) 


2.3 Reduction to the deformed J\f = 1 superspace 


Since the deformed Af = 2 action © in the deformed Af = 1 superspace contains 
only 0{C) corrections, it is important to compare Af = 1 superspace formalism to 
non(anti)commutative harmonic superspace formalism. We will examine this correspon¬ 
dence in terms of component helds because it is difficult to hnd the relationship between 
($,$,!/) and explicitly at the superheld level. 

We impose the condition for the deformation parameters such as 

Cf = crfipj. (23) 


This reduction of the parameters implies that only the 61^ coordinates are nonanticommu- 
tative and 6^ are ordinary Grassmann coordinates. Then the action m with redehned 
component helds becomes 

s*,2 + “S'*,3 = [ dfx 




2^2. 


I3(t) - 2\f2iCi^'^l{a'''ip^)pdyct) 




(24) 


' ^f2 

Since both component helds (0, 0, tff tff Z)*-^) and (A, A, -0, tf, A, A, F, F, D) transform 
canonically under the gauge transformation, these helds must be related to each other in 
gauge invariant way. By comparing 0 and ( 121 , we hnd 

= Af,, A = -if), A = iff, 


D = F = -^b^\ F = -^{b^^-V2C^^F,A), 


\^ = if 


w 




"0 = ^, ^ = "01, A = V’2- 


where the deformation parameter Cfi is related to by 


^ 0.(3 _ 


(25) 


(26) 
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Note that for C = 0 we get the field redefinition for undeformed theory. 

We now consider the deformed supersymmetry transformations. Taking the Grass- 
mann parameters as and using the supersymmetry transformations 

and identifications (ESD, it is shown that the transformation associated with ^ becomes 
fjHj). The supersymmetry transformation associated with the parameter rj would give a 
remaining transformation. But it turns out that 0{C) transformation with the same iden- 
tihcation does not keep the action invariant. It is necessary to introduce 0(0“^) correction 
to the supersymmetry transformation. We found that the following transformation 
keep the action invariant: 

6* A = y/2T]X — 2iT]eCijjA, S*A = 0, 

- 2FA)| + S^'iPa = -{veCa’')ad,{A^), 

5*F = V2ir]a’^d^\ 6*F = 2V2i det Crja^d^iXA'^), 

S*Vf, = + \/2(rjeCa^X)A, 

S*X^ = + V2{r]eC)‘^AD - V2i{r]a>^'^eC)^v^^A + ^2 det Gr/“AAA, 

= -V2i{r]a’')adi,A, 

S*D = -Tqa^'dui) + V2i'r]£Ca’'d^(XA), (27) 

where {eC)a^ = Sa-yC'^^- Hence we have found the Af = (1,0) supersymmetry of the 
Af = 2 action in the deformed Af = I superspace. 

In p7jl . we add O(G^) correction to the transformation by hand. This correction is 
not unique because the action © is invariant under the transformation 5^ with 

Sr,F = ifi{A){r]a>^dy,X), (28) 

for arbitrary function fi{A) of A. In the next section, we will show that we are able 
to construct exact supersymmetry transformation for the reduced deformation parameter 
If we use the field redefinition (I2S1), we can fix fi{A) = 0. The result is shown to be 
exactly equal to (EZD. 

We note also that Q 2 supersymmetry transformation commutes with the Poisson struc¬ 
ture P. The theory is expected to have Af = (1,1/2) extended supersymmetry [12]. In 
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the next section we will construct the exact M = (1,1/2) supersymmetry transformation 
in the framework of the harmonic superspace formalism. 

3 A/^ = (1, 1/2) Supersymmetry 

In this section, we will present the M = (1, 1/2) supersymmetry transformation gener¬ 
ated by and Q 2 , within the harmonic superspace formalism. Under the restriction 

of the deformation parameter ( 121 , we can determine the M = (1, 1/2) supersymmetry 
transformation laws exactly. The main concern is the contribution from the deformed 
gauge transformation to retain the WZ gauge. Although the calculation is much sim¬ 
pler than the case of the generic deformation parameter, it turns out to be considerably 
lengthy even under the restriction. On the other hand, one hnds that the determination of 
the exact gauge transformation laws is accomplished in a similar way but is much easier 
than the supersymmetry. Therefore, in order to illustrate how to determine the exact 
transformations, hrst we derive in sect. o the exact gauge transformation laws in [Tl] . 
restricting ourselves to the reduced deformation parameter (j21. The exact M = (1, 1/2) 
supersymmetry transformation is given in sect. 1.1.21 though the details of the actual cal¬ 
culation are presented in appendix El From the exact gauge transformation, we can hnd 
a held redehnition that leads to the canonical component gauge transformation. We also 
give the M = (1, 1/2) transformation after this held redehnition. 

3.1 Determination of the exact transformation laws 

In this subsection, in order to demonstrate how to determine the exact transformation 
laws under the restriction (ESI), we will derive the exact gauge transformation laws in m 
We will denote the analytic gauge parameter as 

HC,u) = x{xa) + -f 6'+“AF’0)(a;^, n) + 

+ {e+f\^‘^^^\xA,u) + e^a^e^\^^'^\xA,u) + 

+ + {e^f{e^f\^^^^\xA,u), ( 29 ) 

where X^'^’'^\xa,u) is the (6'''')"(0''')™'-component. 
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The equations to determine the deformed gauge transformation are given in jl4j : 


- 2i6XAf, = 2id^x + 2V2iC^+ 0 

- d++Xl}’^'> - (30) 

V2i6l(j) = -2iC^^~^°'l^{a^a''e)apdyX 

- - d++X^°’^\ (31) 

36lD^^u-u- = AV2C—>^’^d^xdA 

- - V2iC^+-^^f^{af^a’^e)afid^{X^^’^'>^) - d++X^^’^\ (32) 

- a++A^^’^) - 2\/2(£C++A(^’^))„0. (33) 


Here we have already set Cg = 0. The transformation laws for 0 and tjji are not deformed, 
because their equations are not affected by the ^-product. 

Now we take into account the restriction (j2ni)- We have (7^+ ^ and so 

on. First we hnd that eq. PI) is solved in terms of power series of and u ^ by 


SIA, = 

< 1 

(34) 

A(i’b = 

i: A?’ 

n=l 

(35) 

where 

,in> ^ _.(-2V2)” 
^ (n + 1)! 

Note that the harmonic expansion 

n 


-(CneCu ■ ■■eCnrf^{a^a''sU(l>^d,x- 

of (m+^)"'(m“^)™' is 

(36) 

n m 



{u+^Y{u-^T = ■ ■ ■ 


(37) 


Ea. p|) is directly checked by substituting into the right hand side of eq. P|). noting 
that Xjj^^ obeys 

(«ai)- (38) 

Substituting eq. (PI) into dSH) , we find that all the terms in the right hand side of 
eq. m is gauged away with because every term has at least one This leads to 

6X(p = 0. (39) 
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Although the precise form of is not needed, it is determined as 


A(0,2) 


{a^a’'£)a0duxA^ {u 

CO _1 

+ S r-TnCtf 

n =2 + ■‘■1 


( 40 ) 


Similarly, from ea. ()d2|l we find 


2V2C^^d,xdJ, = 

0, (hj)7^(l,l). 


(41) 


This comes from the fact that only the first term in the r.h.s. does not contain u~^ and it 
contributes to S^Du because it is proportional to is then determined as 


OO 

Ah,2) = _^ g (m+1)-2(«-1)-+2. 

n =2 


Eq. is solved by 





OO 

n =2 


n —1 


n+2 


X 


,+(i 


+ 1 n,-i 


ttnU ^ ...U U . . .U 


+h. 


^*1 /'^+l'\n—2^^, —l',n+l 


(«-')’ 


(42) 


(43) 


(44) 


with an and bn being appropriate constants. Indeed, substituting and in ap¬ 
pendix 1^ into eq. (HIHjl and using the formulas (EZD and (P|) we can see that only the first 
term in the r.h.s. of O gives a contribution to that cannot be gauged away; the 
other terms are absorbed into (with the appropriate choice of and 6„). 

As described above, the exact deformed gauge transformation is determined as 


^a^/4 = 

(5X(others) = 0. (45) 
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Note that this result agrees with the deformed gauge transformation for the generic Cij 
in [T3j, after setting For example, was determined as = 

—{1 + with /(0) being a function proportional to C 12 or C 21 (see [Hj for the 

dehnition of /), so that /(0) = 0 when Cij = CiiSjdj, which leads to eq.(jnH). 

The determination of the exact Af = (1,1/2) supersymmetry transformation is ac¬ 
complished in a similar way as the one described above, since the deformation of the 
transformation laws comes from the associated gauge transformation to preserve the WZ 
gauge. We will give the result in the next subsection. The details of the derivation are 
found in appendix iBl 


3.2 Exact J\f = (1, 1/2) supersymmetry transformation 


Since the theory is expected to have Af = (1, 1/2) supersymmetry, we will concentrate 
on this symmetry in the following. For later convenience, we will split the Af = (1, 1/2) 
supersymmetry transformation generated by Q^, and Q 2 into the Af = (1, 0) transfor¬ 
mation generated by and Af = (0,1/2) by Q 2 . The Af = (1,0) transformation is 

dehned by 





(46) 


and the Af = (0,1/2) transformation is 





(47) 


Here 


kvit = ?.cv++ = +r”Q:) vit, (48) 

kv+t = CQtV+t = (eQ-“ - {-(?+“) (49) 


and Q+ 


89 


9 _ 94^/4 n + a _ d _ Q - 


a 

96+“ ’ 


<3^ 


a 

96-“ 


+ 2z0+“cr 


M Q - 

ao9x+’ 


9 

96 +“ ■ 


Note that is implicitly set to be zero in ea. (l40j) . because we are now considering the 


Af = (1, 1/2) supersymmetry. (^a'IIvz) is a deformed gauge transformation of 

with an appropriate analytic gauge parameter A((,u) (A'((,u)) to retain the WZ 


gauge. 
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The exact M = (1, 0) transformation generated by and is given below (for the 
derivation, see appendix IB.ID : 

8 - 2\/2 - 
(5^0 = - —i{i2£Ciia'''ilj2)Ay, 

51^ = 0, 

51A^ = iC(y^l'4’i + 2\/2i{^^eCii(Tf,'ip^)(t), 

KV^-sCiO" + 

- {^(5'<^'“'eC'„)” + 2y2Ci‘i‘'r'| + Si'^(eeCnr9‘‘M, 

+sidetcu . 

= V2{^ia'')^d^,(j) + 26l{^2£Cua'')^d^{(j)'^), 

S*D^^ = 

= -2ii^^a''d^^'^'> + 2^ii^eCua’^d^{W). 

^1^22 ^ —2i^‘^a''dy^lA + Ay/2i^^^eCiia'^dy{^'il?^) + %i(\.eiCii^^(T''du{(i)^'ip^). (50) 

Note that we have nsed {eCiieCii)a^ = —(5f detCu. 

The M = (0,1/2) snpersymmetry transformation generated by Q 2 is as follows (these 
are read from eas. ()l()lj) - (ll()0|l in appendix IB.2l bv setting = 0) : 


+ Sil2V2(eeCn'yn“ + ^ 


S’pip = 0, 

(5|2 0 = \/2ipV^\ 

Sl^r' = 6i, |-v^(pd^)“a^0 - ^D^\^^a^eCnrA, + , 

5l4ai = - llDa, 


51^0^^ = 0, 

5 I 2 ZI 22 = 


-id 
3 " 


2{e(f''eCn(r^r)A, 


^otj3 1 


ai 


z/ — 

a a- 


+ \/2{^^(T^eCii'ip^)(j)\ .(51) 
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From the exact gauge transformation (03), we easily find a field redefinition that leads 
to the canonical gauge transformation: 

i’l = (52) 

Dn = Dll - 2V2C^^ (53) 

and the other newly dehned helds with hat are the same as the original helds. 

Using this held redehnition, the exact Af = (1, 1/2) transformation becomes as follows. 
The Af = (1, 0) supersymmetry transformation is 

+ ^i{^2£Cii'ip^)}, 

= 0 , 

+ 2\/2i(^^£Ciicr^^^^)0, 

+ V2C'rr(e(V^,)“£)'')| - a^,)“(|i|i) 

+ ^2V2{eeCiian‘^ + + V^C'frr'j 

+ ^(^sdet - 2v^i('|j^'0^)0|, 

5l^ai = V2{iia’')^dS(l) + 25l{i2eCiia’')ad^,{P), 

+ 2^/2ii^eCll(T'^^AW)^ 

^*^22 ^ —2i^‘^a''dy'A‘^ + A\/2i^^^eCiia''dy{(j)'ilA'^) — 2\/2i{CeCiia''‘Ai)duA 

+ 8i det Cii , (54) 

where F^i, = d^Ay — dyA^. The A/" = (0, 1/2) supersymmetry transformation becomes 

5|2(^ = 0, 

5|2 0 = V2i^‘^^^, 

Sl^r^ = S^,[-V2{^^aA^d,A+y^^^\^^eCiirY 
= 6A^^anaF,y-^lD,2, 

5l2D^^ = 0, 
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( 55 ) 




- 2y/2i{b^a^eCii^^)dJt) - 




In terms of the newly defined fields, the action in the WZ gauge should now be invariant 
under the ordinary gauge transformation and the above A/” = (1, 1/2) supersymmetry 
transformation. 

Note that the 0(C) action is exactly gauge and A/” = (1, 1/2) supersymmetry invariant 
by itself (in order to show this we have used (V’^)^ = 0 as a result of the U (1) gauge group). 
An immediate consequence of this fact is that the terms arising from {n > 4) in 

the action, if there exist, have to be also gauge and A/" = (1, 1/2) supersymmetry invariant 
by themselves. 

Using the held redehnitions (i2nD and (i2nD and transformation dSSD, we hnd that the 
action © is invariant under the A/” = (0,1/2) transformation: 


hfA = 0, 6*^A = V2f]\, 

= 0, - if]aD, 

S*F = 0, hlF = V2if]a^df,X + 2f]a^^eCdf,{^A), 

= -iV2{f]aA"d^A - 2if\{'iljeCy, SfX^ = V2f]^F, 

5^D = (56) 


Thus we have obtained deformed Af = (1, 1/2) supersymmetry transformations (0, (1^ 
and dsni) in A/" = 2 supersymmetric 0(1) gauge theory in the deformed M = 1 superspace. 


4 Conclusions and Discussion 

In this paper, we studied M = 2 supersymmetric 0(1) gauge theory in non (anti) commutative 
M = 1 and Af = 2 harmonic superspaces. We considered the reduction of the deforma¬ 
tion parameters in non(anti)commutative harmonic superspace to the deformed Af = 1 
superspace. We found that the 0(0) action in harmonic superspace reduces to the one 
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in the deformed Af = 1 superspace by the held redehnition. We calculated the gauge and 
Af = (1, 1/2) supersymmetry transformations exactly. Using the held redehnition, we 
conhrmed Af = (1, 1/2) supersymmetry of the action in the deformed Af = 1 superspace. 

It is known that even in the U{1) gauge group there exists higher order C-corrections 
to the action in the deformed harmonic snper.space jldl 113] . It is not clear whether these 
higher order contributions in the action disappear after the reduction of the deformation 
Darameters (l2dj) . Even if these terms exist after the reduction, these must be gauge- and 
Af = (1, 1/2) supersymmetry invariant by themselves and reduce to the deformed action 
in the Af = I superspace formalism by appropriate held redehnition. Some detailed 
analysis will be studied elsewhere. 

In this paper, the component Af = (1, 1/2) supersymmetry transformation for the 
action in the deformed Af = I superspace has not hxed completely, because it is unclear 
whether the held identihcation is exact or not. To hx the component transformation, 
it is useful to work with the Af = 2 rigid superspace formalism. The deformed action 
could be written in terms of the Af = 2 chiral superheld that describes the Af = 2 
vector multiplet and give directly the action in the deformed Af = 1 superspace. If 
we can construct the appropriately deformed Af = 2 chiral superheld, the component 
transformation that is not hxed in this paper will be determined. This formalism would 
be also useful to study a generalization to non-abelian gauge group. 

Another interesting issue would be a central extension oiAf= (1, 1/2) supersymmetry 
algebra. It is also interesting to study properties of deformed properties of solitons in such 
as monopoles and instantons in such theories jH]. 

Acknowledgments: T. A. is supported by the Grant-in-Aid for Scientihc Research 
in Priority Areas (No. 14046201) from the Ministry of Education, Culture, Sports, Science 
and Technology. A. O. is supported by a 21st Century COE Program at Tokyo Tech 
’’Nanometer-Scale Quantum Physics” by the Ministry of Education, Culture, Sports, 
Science and Technology. 
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A Useful formulas 


In this appendix, we describe some useful reduction formulas of harmonic variables, which 
we have used in sect. 0] to determine the exact transformation laws in the harmonic 
superspace formalism. They are 


U 

71+2 m 


= ■ ■ ■u'^^ U 


+ 


2m 


{n + m + 2){n + m) 

77+1 


777—1 


■ ■ ■u'^^ u + (cyclic permut. oi{i,j,k 

2m{m — 1) 


+ 


(n + m + l)(n + m)‘^{n + m — 1) 

77 777 — 2 


X 




ji „+(i 


e-'* MM’* M "u (cyclic permut. of (i, j, fc))), (57) 


, + l 


u ^ ■ ■ ■u'^^ u '“u 

77 777+1 


= u 


77—1 


+ 


2n 


(n + m + 1) (n + m) 2 


*^S/+d . . . .y+l .y + 1 . . . 7/ 


e u 


u 


+ (z ^ j)} 


n{n + m — 2) 

(n + m + 1) (n + m) 


77—1 


u 


(58) 


77 777+2 


= U 

77—1 


777+1 


+ , Mn + m-i) i|^M;-n7-TTu-vv‘...u-‘>+(*.«o} 

77—1 777+1 


(n + m + 2) (n + m) 2 

2n 1 

(n + m + 2) (n + m) 2 


|e^* M ’‘u ^■■■u ^U(fc<->/)| 


n{n — l){n + m — 2) 
{n + m + l){n + m)^ 


77 — 2 




u u u 


■ u 
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2n(n — 1) 1 


n —2 


{n + m + l){n + mY 2 


u ^■■■u +(/c •«-»• Z)|, (59) 


u ^...u 


n+l 


m+1 


= u ^u ^...u 


2(n — m) 


{n + m + 2){n + m) 2 
2nm 

{n + m + l){n + mY{n + m — 1) 


.. .u'^^ u ^...u +{ik)'^ 


n —1 


m —1 




(60) 


B A/^ = (1, 1/2) Supersymmetry 


Here we will present the details of calculation of the exact A/” = (1, 1/2) supersymmetry 
transformation of the component fields when the deformation parameters are restricted 
as (ESI)- The result has been summarized in sect. EH 


B.l J\f = (1,0) supersymmetry 

The equations to determine the deformed A/” = (1, 0) supersymmetry transformation are 


eqs. (inn)-(inHD which are obtained from eq. (gni) and (P|): 

0 = 2z(e+a^)^e^% - - 2A(^’°)“(£C'++a^)„^£^%, (61) 

0 = -2y2ie^0 - - 2 v/2(£C'++A(1’°))„0, (62) 

V2i6l(P = 4eVM*” + 4iA(i’°)"(£C+V)aM*“ 

- a++A(°’2) - C'++“^(a"d%)«/3A/’^U„ (63) 

-V2iS*^^ = 0, (64) 

-2i5lA^ = 4^+ct^' 0X~ + 4iA*^^’°^"(£C'++cr^'0*)aM/ 

- a++A/’i) - V2C'++“^(cr^cr"£)«/3A^i)0, (65) 

- i(a^a^A(°’^))„ - 2v^i(£C+-a'^a^A(°’^))„0 


- 6i(£C'++A(^’°))„Zl*%-M7 + 2a(^’°)^(£C'+-a^d%);3„a^A^ 
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- a++A^^’^) - 2y2(£C'++A(^’^))„0 - 2(£C'++a^A(^’^))„A^, (66) 

+ 2V2id, {A(^’°)“(£C'+-a")„^e^“0} - (67) 

Z5l&^uiu- = -AiCa^^d^ij^ui+ Ad^[\^^’^'^^{eC+-a'^'^^)o,u-] 

- - V2iC'+-“^(a'^cr"£)„^a,(A^^’^)0) - a++A(2’2\ (68) 

Note that under the restriction (El , we have C+ ^ and so on. 

Eq.(jni is solved by 


OO 

A(i-o)« _ 2\/2ier0 M"* + ^ 2y2i^f 


n=l 


n+1 


X 


a 


!.■•“> tl+l" ■■■«+■ +(3^‘-“>€“(tl+')"-‘(!l-‘)” 


, (69) 


where 

n 

= {^■eCn--eCnn2V2^r (70) 

and 


(4‘’"’./3!‘’°’) = (i i). 




-a 


(1-0) ^(1,0) _ 1 / 

n-1 , bn 


2n 


n+1 ” 

We then obtain ab'») = /Jb-") = j— ^ 


:«;7.' + « 


(71) 


(2ij + l)(2)t - 1) 

(n-i)!(2n+ TJ~ 'T'o check dHD, we need dSl, dSl and 

(72) 


2V2(+eCurf = 


From eq. fjhlj) we hnd 


Ai°’') = 2i{^,anaA,u- 


n+1 


n=l 


+ E 2*(efV^)i+ ■ ■ -n+^-Vi ■ 


(73) 
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In eq. (EH), is given by 


Au= 2^iC^uV’7 u 




+ (z j) || 


nH-2 




n=2 




n—1 


n+1 


+^■'■(^ ■ ■ ■ M % ^■■■M ^^+(z'«-»-j) I 
where 72 ^’^\ 

1 




n + 1 


(4ai^4^ + , 


+’'> = 4t + 4+? + ia+ + +4') , 

n + 1 \2n — 1 n / 


^(71) = _ 

'n 


4n 


n \ (2n + l)(2n — 1) 


+”.' + 2+:“' 


n+1 


(1,1) 1 ^(1,1) I (1,1) ] 

“n-l ^ 2fi — 2'^"“^ ^ In-1 j , 


(2n + l)2n(2n - 1) 

e-^;^(^+7-2+"+e?). 

Substituting eq. dZl to the r.h.s. of eq. dSH and using (EH, El and 

- y2C+ + “'’((T„CT''e)„,3(+V„y).(l = (4!”4‘’(T,.,(ij)('U+‘)^ 


(74) 


(75) 


(76) 


we can see that all the O(C^) terms are gauged away and the contributions to come 
only from the hrst term and the order C part of the second term in (EH- 

Eq. flbdjl have the same structure as eq. (EH in terms of the harmonic variables. There¬ 
fore, it is solved in a way similar to (EH- The O(C^) terms in the r.h.s. of eq.(EH 
completely gauged away, so that we need to consider only the hrst and the second term 
to determine S^cf). 

In eq. EH, A?’^^ is given by 
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n—1 


n+2 


oo 


n=2 


U *M ^ ■ ■ - u 




(77) 


where 


a. 




n + 2 


n + 1 y (2n + 1) (2n — 1) 




(78) 


We can easily find that in the r.h.s. of (p7|) the terms proportional to (Cn)"’ (n > 2) are 
completely cancelled by this gange parameter, so that there are no 0((C'ii)^) terms in 

Substitnting dZi, dSi, dZll) and jZZD to eq. (jnsj, we can check that the following form 
of the gange parameter is sufficient : 


n+3 


A(1’2) = 


^Xaijk(n)U^^^ ■ ■ - U *n ^...u 


n=0 


n—1 


71+2 


- u "u ^...U 


n=l 

n—1 n+2 

oo ^ ^ oo 

Xai(n) U - . .U- U "U ^ . .U ' ^ 2^ Xai{n) 

n=l n=2 


n—2 


n+1 


+ {1 „+l„ *„ 1 „ ^) + ^ ti+d _ ,y+l ^ ^...U 


n—2 


n+1 


n—3 


J2Xa{n)+^^ ^...U ^+^Xa{n)+^^ ■ ■ - U ^...U d, (79) 


n=2 


n=3 


where the subscript n denotes the power of Cn-dependence of each quantity. To see this 
is sufficient, we need dsn)-®. Note that in the r.h.s. of eq. (IM|l the terms proportional 
to (Cii)”' (n > 3) are completely gauged away, so that there are no 0((Cii)^) terms in 
5"^+. In fact, in order to determine 5’^+, only the precise forms of X%k{o) Xtj(i) 
needed: 


^ijk{0) 

Xij{l) 


-i+jk), 


{i(V’+i) - y2Ai0} (^eCii)" + (cyclic 


permut. of 


(80) 
e“. (81) 


Substituting dnnD and dZH) to eq. dHED and collecting u^-independent terms, we obtain 
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S^D'^K We do not need the precise form of To determine , we can use (EnD 

and (EH)- 


B.2 J\f = (0,1/2) supersymmetry 

The equations to determine the deformed A/” = (0,1/2) supersymmetry transformation 
are eas. (|H^ - (|Hnjl which are obtained from ea. dTfll (note that here the expression (Ei is 
used for the analytic gauge parameter A'): 

0 = (82) 

0 = -2i(a'^^+)„A^-a++A)/’°)-2v^(eC++A(^’°))„0, (83) 

V2i6l(P = 4zA(^’°)“(eC'++V’0aM” 

+ c^fczfcif 

- a++A(°’2) _ C'++"^(a^d%)«;3Ai/’^M^, (84) 

-V2i6l^ = -4^+ij^u- -d++X^^’^\ (85) 

-2iS^Af, = -A7p"a^^^u~ + 4iA(^’°)“(£C'++cr^Vi*)a“i' “ 2C++“^((T''d^e)a^A,,A(^’°^ 

- a++A('’i) - V2C++^^{a^a’^eUX^J'^^, (86) 

45|^/>r = 2V2{a^t)ad^4> 

- i(cr"a,A(°’^))„ - 2y2i(£C'+-cr"a,A(°’^))„0 

- 6i(£C'++A(^’°))„£)*%-«- + 2iX^^’^^^{eC^-a'^a>^e)pad^A^ 

+ 2*a,A)/’°)C'+-^^(a^r£)^^A^ + 8z(£C'++V’”)aA(2’°) 

- 2i{a^'4x^)aUi C++'^^(cr^d''e)^5A/^’^) 



- a++A)/’^) - 2\/2(£C'++A(^’^))o0 - 2(£C++cr'"A(^’^))„A^, 

(87) 


= 6^+"T)*%-m7 - 2(aV^r)"5/.Al^ + 



+ 2v^ia,. {A(^’°)“(£C'+-a‘^)„^e^“0} - a++A(2’h«^ 

(88) 

36ID^^u-uJ 

= -4ira^a^V'*M*” + 49^ {A(^’°)“(£C'+-a>%M-} 
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- - V2iC+-^f^{a^^a''e)^pd^{X^^’^^) - d++X^^’^\ 


( 89 ) 


Here we should understand that is implicitly set to be zero. Note that under the 
restriction ((221), have (7+“"^ = CiiU~^^u~^ and so on. 

Eq. ((HHll is solved by 


Aa.o)« = -22(e>^)“H^n-* + ^(-2z)(e>^£C("))“H^(2y20)- 

71=1 

n n+1 


, ( 90 ) 


where 

n 

= (CiieCii---eCnT^ ( 91 ) 

and are given in (EH). To check this, we need m and (P|). 

Then from eq. (IHH we hnd 


Ho,i) 




n=l 


n+1 


X 


a 


(1.0) „+(l . . . „+l . . . „-l) +4l.0) + (+l)"-l(u-l)" 


( 92 ) 


From eq.(jHSI), we hnd = \/2i^i'0* and 

A(2,o) _ 


( 93 ) 


In eq. dHED, is given by 
Aji-i) = 




n+2 


\(lil) 

Z_^ Ij (n) 


n=2 




n—1 


n+1 


+ /3yi)i{++(i....„ 


M + ^ 


' U 


+(i ^ j) } 
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n n+2 

oo 

i: A'”' 




(n) 


n=2 


U *M ^U ^■■■u 


n—1 


n+1 


’^^-|e®^ M % ^■■■M I 


(l,l)^*l^il(-„+l'|n-2|'„-l'|n 


e-" M 


M 


where 


Al.‘«(«) = -hf(«f‘'‘fC'”’ff„'/';))-4>-(2V2,>)"-‘, 


(94) 


Ai.‘y («) = 5C''‘>”'’(<7‘'<7„£)„^4l„(2y2,A)”-‘f(i'/Ai) - i(V'(.£C'”V„f„)(2y2,>)”, (95) 


and 


(4‘-‘'./3f’'),^M.45i))^(|_ w 2. -i). ai«) = 

( ^" oi)l? + 6/?);!;“' + + A'i'h . 

n + lV/n — 1 n / 


1) a(i-i) = ^ 

2^’ " n + 1 




^(1-1) = _ 
in 


Qn 


n \(2n + l)(2n — 1) 


«++3+:"> 


n + 1 


(1,1) , 1 ^(1,1) I (1,1) ] 

“n-l ' 2n — ^ In-l j 5 


(2n + l)2n(2n- 1) 

= ih |, I), 

f-«n-l + /^i-V) , 


In 


n + 2 
1 


n + 1 vn 


n + 1 


+‘:\+Tr^+:)+7.+ 


n V(2n +l)2n(2n-1) ' 2n - 2' 

Substituting ea. dn^ to the r.h.s. of ea. (IH!)|) and using (IK7|l . (IHH|) and 

- y2C?f ((T„CT‘'£)„aAj,'y\„)(> = +it»+l)> 


(96) 


(97) 


(98) 


we can see that all the 0((Cii)2) terms are gauged away and the contributions to ^1^4^ 
come only from the (Cn)^ part of the second term besides the hrst term. 
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The term in (|H^ becomes 


which will be gauged away (because of the excessive number of m+). As a result, we can 
regard ea. ()84|l as having the same structure as ea. ()8f)|l in terms of the harmonic variables. 
Therefore, it is solved in a way similar to (j8f)|l : The 0((Cii)^) terms in the r.h.s. of ea. (l84j) 
are completely gauged away, and the relevant contributions to h|0 are coming from each 
0((Cii)°) part of and 
In ea. dH^ . is given by 


x(2,l) 


-2^aiiDjk)U - {iia''eCiia^)ad^{A^(t))u 

n —1 71+2 


- ^ {A,(2^/20)-} 

71=2 


u 


(99) 


where are given in (HHD. We can easily hnd that in the r.h.s. of dHHD the terms 

proportional to (Cn)” (n > 2) are completely cancelled by this gauge parameter, so that 
there are no 0{{CiiY) terms in 

Substituting (ini, dni, dni, dni and (1^ into eq. dHZD, we can check that the gauge 
parameter having the same form as (|7^ is sufficient. To see it is sufficient, we need 
(1S7|)-P|). In fact, in order to determine hl'i/'*, only the precise forms of Xaijk{Q) and Xaij{i) 
are needed as in the Af = (1,0) case: 


Xaijk(0) 0 , Xaij(l) 
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( 100 ) 


Substituting (inni), O and (IMl) to eq. (I89|) and collecting ^^-independent terms, we 
obtain h|iA*T We do not need the precise form of To determine 5*^D''\ we can use 

(|F)n|l and 

The M = (0,1/2) supersymmetry transformation can be read from the following result 
by setting = 0: 


= cii{i^a^eCii'ip^)A^, 


( 101 ) 
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( 102 ) 


si<P 


6ID^^ 

SID^^ 

^1^22 


-\/2i^Yi, 

+ C2i{^^a’'eCiia^i!^)A^ 

+ csiCif {a''af,e)ap^^^|J^A^ + c^ii^^af.eCn'ijj^)^, (103) 

-V2{CaTdf,(P - 2Zl(*^(e^V%C'ii)“A^ + 4t^^\ij^^eCnT 


+ ^2 [c5(^V%Cii)"a^(?!)0+ (^V'"£C'iicr''a^)"{c69p(A^A^) + cjAf^d^Ap} 
+ Csi^^aTC^n^"^''^)l3-ydpApA, 

+ 62 det Cn (^^d'")" [cgD^^Apcj) + V"^0 

(^id^'')d^/.^ - ^dAi + Slcudp [(^A''£CnA)ay4^0 


(104) 

(105) 


+ idp [ci4(^A''£Ciicr^'0^)y4,, + cisCff + ci6(^A'^£C'ii'0^)0 , 

-2idp{i^a^i)‘^) - ^idp \2{l^^a''eCiia^^p‘^'^)A^ 

- C“f (cr''a^e)„^A^^d^2) ^/2{l^^a^eCii%l)‘^'^)^ 


+ i det Ciidp \cn{(^a''a^'il)^)A^(t) + Cig^ + Ci9(^V^V’^)0^ , 


(106) 


where Cj’s are certain constants. 
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